Expressions with permanents in quantum processes with bosons deserved recently certain attention. A difference between couple relevant models is discussed in presented work. An oscillator model has certain resemblance with matchgate circuits also known as "fermionic linear optics" and effectively simulated on classical computer. The possibility of effective classical computations of average particle numbers in single-mode measurement for bosonic linear optical networks is shown using the analogy.
Introduction
The paper mainly concerns with two different topics. The first one is existence of couple alternative models of noninteracting indistinguishable bosons relevant to possible applications in theory of complexity. The second one is question about reasons of distinction between well-known class of effectively simulated quantum "fermionic" circuits and apparently computationally more difficult "bosonic" analogue.
In Sec. 2 the "unpretentious" bosons model is briefly discussed and after short reminder about linear optics in Sec. 3 more elaborated oscillator model discussed in Sec. 4. The comparison of "bosonic" and "fermionic" case is provided finally in Sec. 4.5.
Unpretentious model
An abstract quantum system with d states may be described by finitedimensional Hilbert space H. With the notation for basic states |1 , |2 , . . . , |d , an arbitrary state is
Operators acting on Hilbert space of each subsystem are expressed by unitary matrices. The standard and essential further property of quantum state in such description is idleness of global phase, i.e., |ψ and θ|ψ with |θ| = 1 describe the same state. So, the group SU(d) of unitary matrices with unit determinant can be used instead of U(d) for description of arbitrary transformation of the states
Let us denote S n (H) space of symmetric n-tensors, dim S n (H) = d+n−1 n . The linear space is also can be constructed using symmetric product of tensors. The method also produces model defined as linear space of polynomials of degree n with d variables [1] . For n = 1 such a space is simply H. The S n (H) can be considered as system of n indistinguishable bosons [1] . The expressions for calculation of observable values have form ψ| · · · |ψ that do not depend on phase in agreement with principle already mentioned above. Likely, the first application of such a model for discussion about permanent may be found in [2] .
Linear optics
The unpretentious model described above says a little about concrete physical realization. Alternative way of producing expressions related with permanent may be obtained using quantum model of linear optical networks [3] . The model has certain relevance with quantum computing [4] and an application to computational complexity coining the term boson sampling [5] quite soon stimulated an active interest to possible experimental realizations [6, 7, 8, 9] .
The immediate apparent distinction in formulation of such a model in comparison with the unpretentious model discussed earlier in Sec. 2 is definition of some basic transformations using creation and annihilation operatorŝ a j ,â † j , j = 1, . . . , d [3, 4] . The approach is quite natural, because with such a notation linear optical network with conserved photon number corresponds to transformation [4] 
Due to some analogy between Eq. (3) and Eq. (2) 
Hereû produces the same result as e iφû and it again illustrates, why it is enough to work withû ∈ SU(d). In Eq. (3) such compensation of phases does not supposed and so the whole unitary group U(d) may be implemented, but it is only a hint on more essential difference between the models discussed further.
In fact, a model with symmetrization of states very similar with unpretentious model from Sec. 2 (with infinite-dimensional space H) sometimes used in quantum optics as well [11] .
It can be asked in turn, how to rewrite Eq. (3) in a way similar with Eq. (4) and for such a purpose it is useful to consider most general linear Bogoliubov transformations [4, 10] without requirement about conservation of photon number.
Oscillator model 4.1 Schrödinger description
The model of quantum harmonic oscillator is recollected below with especial attention to symplectic and metaplectic groups and application to linear optics [12, 13, 14] . Let us consider infinite-dimensional Hilbert space H and operatorsq,p of coordinate and momentum. In Schrödinger description the H is associated with space of wave functions ψ from L 2 (R) (square integrable) and the operators are defined aŝ
with canonical commutation relation (CCR)
where system of units with = 1 is used for simplicity. The generalization on set of operatorsq
using space L 2 (R d ) of wave functions with d variables.
Symplectic group
Let us consider R 2d , the real vector space with dimension 2d. The 2d × 2d matrix is called symplectic if it preserves skew-symmetric bilinear form
for any two vectors x, y ∈ R 2d . Such a matrix also has property [15] 
where A ⊤ is transposed matrix and J is 2d × 2d matrix
with 0 and 1 are d × d matrices. The symplectic group Sp(2d, R) [12, 13] 1 is defined in such a way, because a composition of matrices also satisfies Eq. (9) .
Due to an analogy with orthogonal matrices R ∈ O(d) satisfying R ⊤ R = 1 and preserving Euclidean form x k y k a matrix with property Eq. (9) and arbitrary J sometimes is called J-orthogonal. Such a definition includes both orthogonal and symplectic matrices if to set J to unit matrix or Eq. (10), respectively [15] . Matrices preserving both symplectic Eq. (8) and Euclidean forms belong to orthogonal symplectic group defined as intersection Sp(2d, R) ∩ O(2d). The group is isomorphic with unitary group U(d) [15] . Indeed, if to consider complex variables
the real and imaginary part of Hermitian complex scalar product correspond to Euclidean and symplectic forms, respectively. To show relation of symplectic group to CCR let us wroteq k ,p k as formal vector of operators with 2d elements [12] 
The Eq. (7) can be rewritten in such a case as
where J jk are elements of matrix J Eq. (10). Due to such property 2d operatorsŵ
also satisfy Eq. (13) if matrix S ∈ Sp(2d, R).
Metaplectic group
Both the sets of operatorsŵ j andŵ ′ j related by Eq. (14) satisfy some form of CCR Eq. (13) and in agreement with general results about uniqueness of CCR they should be unitary equivalent, i.e., for any matrix S in Eq. (14) some unitary operatorÛ S should provide transformation [12, 13, 14] 
Due to Eq. (15)Û S and e iφÛ S correspond to the same matrix S, but such a phase freedom may be withdrawn and the only inevitable ambiguity is a sign ±Û S . The group producing such a 2-1 homomorphism on Sp(2d, R) is known as metaplectic, Mp(2d, R) [12, 13, 14] . The unitary representation of Mp(2d, R) used in Eq. (15) is not a matrix group, but can be expressed by exponents with appropriate linear combinations ofŵ jŵk .
Annihilation and creation operators
Specific transformations respecting also Euclidean norm, i.e., sum of Hamiltonians of harmonic oscillatorŝ
correspond to already mentioned orthogonal symplectic group isomorphic with unitary group U(d). Complex coordinates Eq. (11) now correspond to annihilation and creation ("ladder") operatorŝ
Note: Eqs. (16, 17) are useful [12, 13, 14] , consistent with rather standard map to U(d) [15] and applied further in this work, but let us recall "unabridged" versions also relevant to quantum optics [10, 16] 
The oscillator model associates mentioned earlier U(d) subgroup of Sp(2d, R) with conservation of "photon number" defined by operator
Instead of Eq. (14) it can be written
with U is unitary matrix and expression forâ † j is obtained using Hermitian conjugation.
In such approach subgroup of Mp(2d, R) corresponding to U(d) sometimes is denoted as MU(d) [17] and can be expressed by exponents with linear combinations ofâ k jâ k and an analogue of Eq. (15) iŝ
with conjugated expression forâ † j . The MU(d) is double cover of U(d) with sign ambiguity inherited from relation between Mp(2d, R) and Sp(2d, R) [14, 17] . The case devotes special care, because using some formal manipulations withÛ U the single valued map to U(d) could be obtained, but it cannot be extended to the whole Sp(2d, R) [14] and produces some subtle problems.
A model of photons would not look realistic with prohibition to use squeezing transformation, because of impossibility to save unitarity after application of discussed trick to get rid of double cover. Even if requirement of particle number conservation is justified for model with a massive bosons the approach discussed in this section has other important differences from the unpretentious model introduced in Sec. 2.
An evident formal distinction is an additional phase parameter, because action of U(d) is not reduced to SU(d). The nontrivial structure ofÛ U is manifested here, because Eq. (21) is not sensitive to formal phase multiplier e iφÛ U . So action of phase multiplier on matrix U in Eq. (20) is implemented in alternative way and "encoded" directly into structure ofÛ via additional term proportional to photon number operatorN Eq. (19) in the exponent with quadratic expressions for elements of group mentioned earlier.
Yet another specific property of used model with double cover and sign ambiguity due to Eq. (15) or Eq. (21) is similarity with relation between orthogonal and Spin groups [14, 17] .
Comparison with formal fermionic model
The theory of Spin groups is also relevant with question also raised in [5] about difference in complexity between bosons and fermionic model associated with matchgate circuits effectively simulated on classical computer. The matchgate model was introduced in [18] with reformulation using formal fermionic model in [19, 20] . Similar fermionic model and equivalent approach with Spin group and Clifford algebras was also applied earlier to quantum computing problems in [21, 22, 23, 24] .
The theme was further developed in works devoted to effective classical simulation of such a class of quantum circuits often described using fermionic annihilation and creation operators [25, 26, 27] . The notationâ j ,â † j is used here for such operators for distinction from bosonic case. The analogues of ŵ j Eq. (12) now are 2d generators of Clifford algebrâ
They transformation properties are similar with Eq. (14), Eq. (15) and may be written asŜ
but R jk now are elements of orthogonal matrix andŜ R is spinor corresponding to matchgates (or "fermionic") quantum circuit. TheŜ R has matrix representation, but number of components is exponentially bigger than in matrix R, because it corresponds to quantum network with d qubits. Two cases may be taken into account for complexity comparison. The single-mode measurement in terminology of [25] is the first one and mainly used in [26, 27, 28] . In the concise form the setup [27] for such experiment is any computational basis state |x 1 · · · x d as the input and a final measurement of an arbitrary qubit in the computational basis as the output. For arbitrary state |ψ such a measurement may be described by probability p 
and an analogue of such expression in bosonic case is
corresponding to expectation value for number of particles in a mode k. After application of linear optical network
It can be rewritten using Eq. (20) and Eq. (21) with matrix U corresponding to operatorÛ
If an effective way to calculate Ψ|â † jâ j ′ |Ψ exists for given input state |Ψ the N ′ k also can be calculated in poly time using Eq. (27) and the methods are similar with matchgate model [26, 27] . The Fock states [11] can be considered as an alternative for computational basis for input state for a case with n bosons and d modes
with |0 is vacuum state and λ j is normalizing multiplier necessary for repeating indexes in the sequence j = (j 1 , j 2 , . . . , j n ). For such states Ψ j |â † jâ j ′ |Ψ j may be effectively calculated.
The other case is multi-mode measurement [19, 25] . The analogues of such model in bosonic case would use instead of Eq. (25) polynomials withâ † k ,â k of higher degree. So, different computational complexity of determinant and permanent could be really essential in some examples.
Anyway Eq. (25) (and analogues with small number of ladder operators) may hide complexity arising from application of linear optical network to Fock states. Indeed, it might be written
Due to property of vacuum stateâ j |0 = 0 it may be writtenÛ|0 = θ|0 with some unessential phase |θ| = 1. After further application to each multiplier Uâ † j kÛ −1 and expansion as sums using Eq. (20) produces quite complicated final expression can be obtained.
DespiteÛ|Ψ j may contain permanents or similar expressions unitarity ofÛ lets get rid of them in Eq. (26) and Eq. (27) that may be used for effective classical computation of single-mode measurement outcomes (expected average number of photons N ′ k for each mode k) after application of linear optical networks to Fock states.
The permanent complexity may be revealed in expressions for "transition" amplitudes (and probabilities) between two Fock states
Conclusion
Some topics relevant to consideration of complexity of simulation of quantum processes with boson were discussed in the paper. It was emphasized the importance of distinction between an unpretentious model and more elaborated consideration based on harmonic oscillator. The treatment of real photonic system may require consideration of even subtler problems that should be discussed elsewhere.
Other interesting result is possibility of effective classical modeling of average photon numbers in output of each mode. Such a property can produce additional requirements to experimental tests of "quantum supremacy" derived from approach with boson sampling.
